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Abstract
A Lagrangian formulation describing the electromagnetic interaction - mediated by topo-
logically massive vector bosons - between charged, spin- 1
2
fermions with an abelian magnetic
monopole in a curved spacetime with non-minimal coupling and torsion potential is presented.
The covariant field equations are obtained. The issue of coexistence of massive photons and mag-
netic monopoles is addressed in the present framework. It is found that despite the topological
nature of photon mass generation in curved spacetime with isotropic dilaton field, the classi-
cal field theory describing the nonrelativistic electromagnetic interaction between a point-like
electric charge and magnetic monopole is inconsistent.
PACS: 04.50, 04.65, 11.25
1 Introduction
Extended Theories of Gravity have become a sort of paradigm in the study of gravitational in-
teraction since several motivations push for enlarging the traditional scheme of Einstein’s General
Relativity (GR) [1]. Such issues come, essentially, from cosmology and quantum field theory. In
the first case, it is well known that higher-order derivative theories and scalar-tensor theories give
rise to inflationary cosmological solutions capable, in principle, of solving the shortcomings of the
Standard Cosmological Model. Besides, they have relevant features also from the quantum cosmol-
ogy viewpoint. In the second case, every unification scheme as Superstrings, Supergravity or Grand
Unified Theories, takes into account effective actions where nonminimal couplings to the geometry
or higher-order terms in the curvature invariants come out. Such contributions are due to one-loop
or higher-loop corrections in the high-curvature regimes near the full (not yet available) quantum
gravity regime. In the weak-limit approximation, all these classes of theories should be expected
to reproduce Einstein’s GR which, in any case, is experimentally tested only in this limit. This
issue is debatable however, since several relativistic theories do not reproduce those of GR in the
Newtonian approximation.
Magnetic monopoles were first proposed by Dirac in the framework of classical electrodynamics
in his classic works [2]. The main purpose for the introduction of monopoles was to provide a
physical explanation for the quantization of electric charge. This is known as the Dirac quantization
rule. Antisymmetric tensor gauge fields analogous to the torsion potential employed here were
proposed some time ago in the literature. The first description of such an antisymmetric field
was due to Ogievetskii and Polubarinov [3]. In 1973, Kalb and Raymond [4] described classical
1
string interactions by means of an antisymmetric field the interpretation of which is that of a
potential generated by the string. Scherk and Schwarz [5] showed that torsion could be viewed as
the product of the antisymmetric field of string theory multiplied by a scalar field. In their work,
the spacetime metric was not covariantly constant. In [6], Fradkin and Tseytlin derived an effective
Lagrangian density in the low energy limit of string theory, describing not only gravity but also a
scalar (dilaton) and antisymmetric field.
In the present work we implement a scalar-tensor generalization of gravity in the sense of Brans-
Dicke [7, 8] with non-vanishing curvature and torsion, whereby the gravitational coupling constant
becomes a scalar field. This scalar field is identified as the dilaton. Being a new dynamical
variable of the theory, we include a kinetic term for the dilaton in the total system Lagrangian
density. Gravitational theories with torsion such as Einstein-Cartan theory [9] or Poincare´ gauge
theory [10, 11, 12, 13] describe the torsion as being the anti-symmetric part of a generalized affine
connection or as the Cartan structure equation for the dual frame field taken as a gauge potential.
By contrast, we assume in this paper that torsion is derived from a (anti-symmetric) second-
rank tensor potential [14] which could be further generalized by considering bi-vectors [15]. We
admit topological interaction between torsion and electromagnetic gauge potentials and consider
the electromagnetic interaction between charged, nonrelativistic spin-12 fermions with an abelian
magnetic monopole. As a consequence of the electromagnetic and torsion gauge field coupling, the
fermion-monopole interaction is mediated by topologically massive vector bosons. The material
Lagrangian density is taken to be that of the Dirac minimally coupled type.
It is known that massive photons and magnetic monopoles of the Dirac type cannot coexist
within the same theory defined over flat Minkowski spacetime [16, 17]. In such scenarios, the
photon mass is usually introduced in an ad hoc manner by explicitly breaking the gauge symmetry
of the theory. In this work we consider whether such an incompatibility emerges from the a
priori inclusion of photon mass or from the specific mechanism for gauge boson mass generation.
Moreover, due attention is given to the role of the curved spacetime geometry and isotropic dilation
field with regard to this incompatibility.
The paper is organized as follows: In Section 2, the Lagrangian density representing the matter
background is specified. In Section 3, the total system Lagrangian density including gravity, gauge,
matter and interaction terms is obtained. The electromagnetic and torsion gauge field, Einstein,
Klein-Gordon, (nonlinear) Dirac equations of Heisenberg-Pauli type and Bianchi identities in the
electromagnetic and torsion sectors are obtained in Section 4. In Section 5, we investigate the
possibility of coexistence of magnetic monopoles with topologically massive vector bosons within
the framework of Scalar-Tensor Gravity with Torsion Potential. Our conclusions are presented in
Section 6.
2 The Matter Background
To make a distinction between the coordinate (or holonomic indices) and local Lorentz (or non-
holonomic) coordinates, we use Greek indices (µ, ν = 0, 1, 2, 3) for the former and Latin indices
(j, k = 0, 1, 2, 3) for the latter. Latin indices are raised and lowered with the Minkowski metric
ηij . Greek indices are raised and lowered with the spacetime metric gαβ. We use geometrized units
(~ = c = 1) throughout this work.
In the present Section, we are concerned with constructing a Lagrangian formulation of the
dynamics of spinor valued fields ψ(x) defined over a curved manifold endowed with torsion. The
equations of motion are given as the Euler-Lagrange equations for the corresponding action-integral
I (Ω) =
∫
Ω d
4xL (ψ (x) , ∂ψ (x) ; x) defined over a spacetime volume Ω. In order to introduce spinor
fields in the Riemann-Cartan geometry considered here, it is convenient to choose an orthonormal
(Lorentz) basis vectors ei = e
α
i (x) eα for the tangent space satisfying ei · ej = ηij where eα ≡ ∂α =
∂
∂xα represents a coordinate basis in the tangent space TP at point P in the spacetime manifold,
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ηij =diag(−1, +1, +1, +1) is the Minkowski metric and gαβ = eα · eβ is the metric of curved
spacetime. The metrics ηij and gαβ are related via
gαβ := e
i
α (x) e
j
β (x) ηij . (1)
The quantities e iσ (x), called tetrads, are coefficients of the dual (1-form) basis non-holonomic co-
vectors ϑa (x) = eaγ(x)dx
γ that satisfy the orthogonality relations eαje
i
α = δ
i
j . In particular,
the tetrads constitute transformation matrices that map from local Lorentz (with non-holonomic
coordinates xa) to coordinate (with holonomic coordinates xµ) bases, i.e., vα = eαi v
i with vi = vαeiα.
The components e iα (x) and e
α
i (x) transform as covariant and contravariant vectors (under the
Poincare´ group) of the frame xµ, if and only if the rotations ∂[µe
a
λ] vanish at all points. The
equations ∂[µe
i
λ] = 0 are the so-called integrability conditions [10], implying e
i
λ (x) = ∂λx
i. If the
integrability condition is not satisfied, the reference frame formed by e βi (x) and e
i
λ (x) is said to
be non-holonomic. The quantities
Ωcab := eνc(x)
[
eµa(x)∂µe
ν
b(x)− eµb(x)∂µeν a(x)
]
, (2)
are called the objects of non-holonomicity. They measure the non-commutativity of the tetrad basis
[9]. We may readily define tensors and various algebraic operations with tensors at a given point in
the spacetime manifold. Comparison of tensors at different points however, requires introduction of
a linear connection via the process of parallel transport. The linear connection defines a covariant
derivative operator Dˆ. In non-holonomic coordinates, the parallel transport of an orthonormal
basis ei is given by [9] δei = −ωkijejαekdxα = −ωkiαekdxα. The associated covariant derivative
is given by Dµψ =
(
∂µ + ω
ab
µ γab
)
ψ, while for the contravariant components of a non-holonomic
vector we have Dµv
i := ∂µv
i+ωijµv
j. Note that Dµ is a coordinate representation of the operator
Dˆ. The coefficients ωabµ are known as the spin-connection and the matrix γik is an irreducible
spinoral representations of the Lorentz group defined by
γik =
1
2
(γiγk − γkγi) . (3)
Under local Lorentz transformation (LT) the covariant derivative itself should transform as a scalar
since it does not carry a Lorentz (Latin) index. Thus Dµv
i LT→ D′µv′i = ΛijDµvj where Λij := ∂x
i
∂xj
is
a non-holonomic transformation matrix. Making use of the equation for Dµv
i, D′µv′i and the fact
that ∂µηab = 0 (since the Minkowski metric is constant) we obtain the transformation property of
the spin connection
ωabµ → ω′abµ = ΛaiΛbjωij µ − (∂µΛai )Λbi. (4)
Parallel transport is a unique geometric operation that is independent of the choice of frame. The
relative rotation of a coordinate (holonomic) basis vector eα is given by dx
α
(
∂αe
γ
k + Γ
γ
αβ e
β
k
)
eγ =
dxα
(
∇αe βk
)
e
j
β ej with the affine connection Γ
ρ
µν = e
ρ
i (x)Dνe
i
µ (x) = −e iµ (x)Dνeρ i (x) defining
the covariant derivative ∇α := ∂α + Γβγα Ξβγ. The matrices Ξαβ = −Ξβα are generators of the
Lorentz group satisfying the Lie algebra
[Ξij , Ξkl] = ηikΞjl + ηjlΞik − ηjkΞil − ηilΞjk, (5)
with Ξij = e
α
i e
β
j Ξαβ. At this juncture we emphasize that there is only one linear connection. It may
be expressed in either holonomic or non-holonomic frames of reference. As will be shown, these
two representations of the linear connection are related by (17). Moreover, the linear connection
(expressed in either reference frame) is not a priori torsion free. Indeed, it will be shown that the
linear connection does contain torsion, the latter being equivalently defined by either (13) or (18).
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The covariant derivative of a quantity vλ (vγ) which behaves like a contravariant (covariant)
vector under the local Poincare´ transformation is given by
∇νvλ = ∂νvλ + Γλ µνvµ, ∇νvµ = ∂νvµ − Γλ µνvλ. (6)
In analogy to (4), the transformation property for the affine connection coefficients Γρµν is given by
Γλµν → Γ′λµν = ΛαµΛβνΛ λγ Γγαβ + ΛαµΛ λρ Λραν , (7)
where Λαµ :=
∂xα
∂xµ is the holonomic transformation matrix and Λ
ρ
αν ≡ ∂α∂νxρ. In view of the
inhomogenous term ΛαµΛ
λ
ρ Λ
ρ
αν in (7), the linear connection is not a tensor.
The parallel transport of a vector around an infinitesimal closed path is proportional to the
curvature of the manifold which may be calculated as [21]
[Dk, Dl]ψ (x) =
1
2
Rijklγijψ (x) + C
i
klDiψ (x) , (8)
with Dk := e
µ
kDµ. The central charge R
ij
kl and structure functions C
i
jk of the deformed algebra
(8) are given (in non-holonomic coordinates) by the Cartan structure equations
R
ij
kl (ω) := e
i
λe
jρRλρµν = ∂µω
ij
ν−∂νωijµ+ωikµωkjν−ωikνωkjµ, Cijk =
(
e
µ
je
ν
k − eµkeν j
)
Dνe
i
µ (x) .
(9)
The curvature tensor Rλρµν (expressed in holonomic coordinates) is defined by,
Rαγρλ (Γ) = ∂γΓ
α
ρλ − ∂ρΓαγλ + ΓαγσΓσρλ − ΓαρσΓσγλ. (10)
It is interesting to observe the similarity in structure of the curvature tensors in (10) and the first
equation in (9). Indeed, there is only one curvature tensor since these two quantities can be trans-
formed into each other via appropriate tetrad index saturation, Ri jkl (ω) = e
i
αe
γ
j e
ρ
ke
λ
l R
α
γρλ (Γ).
We can therefore view Rαγρλ (Γ) in (10) and R
ij
kl (ω) in (9) as holonomic and non-holonomic
representations, respectively, of the same spacetime curvature.
Since the basis vectors (in either holonomic or non-holonomic frames) change from one point in
the spacetime manifold to another, the derivative of a vector must be given by [22] ∂µv = ∂µ
(
viei
)
=(
∂µv
i
)
ei+ v
i (∂µei) ≡
(∇µvi) ei. This implies that ∂µej = ωi jµei. For similar reasons, we conclude
∂µeν = Γ
ρ
νµeρ. Thus, if we choose a transformation in (4) which leads from a non-holonomic to a
holonomic frame, then we find [9, 22]
∂νei
λ − ωk iνek λ + Γλ µνei µ ≡ Dνei λ = 0, ∂νei µ + ωi kνek µ − Γλ µνei λ ≡ Dνei µ = 0, (11)
since ∂µejν = ∂µ (ej · eν) = ωi jµei · eν + Γρ νµej · eρ = ωi jµeiν + Γρ νµejρ. Observe that Dν =
Dν (Γ + ω). Recalling (1) and using (11), we may derive the so-called metricity condition∇λ (Γ) gµν =
Dλ (Γ + ω) gµν = Dλ (Γ + ω)
(
e iµ (x) e
j
ν (x) ηij
)
= 0. This metricity condition enables the defini-
tion of the linear connection Γσρµ = Γ˚
σ
ρµ + T
σ
ρµ, where the quantity Γ˚
σ
ρµ can be identified as the
Christoffel connection coefficient
Γ˚σρµ :=
1
2
gκσ (∂κgρµ + ∂ρgµκ − ∂µgκρ) (12)
and T σρµ is the torsion tensor defined as the asymmetric part of the affine connection,
Tαβγ := Γ
α
βγ − Γαγβ. (13)
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With (12) and (13) in hand, the quantity Rk ijl in (9) can be expressed in terms of its torsion-free
R˚k ijl and torsion dependant contributions as [21]
Rk ijl = e
λ
l (x) e
k
α (x)
(
R˚αijλ + 2∇˚[jTαi]λ + 2Tα[j|βT β|i]λ
)
, (14)
where ∇˚µAα := ∂µAα+Γ˚αµβAβ , ∇˚µAα := ∂µAα−Γ˚βµαAβ , the square brackets in Tα[j|βT β|i]λ represents
anti-symmetrization with respect to ij, β being fixed and R˚αγρλ = R
α
γρλ
(
Γ→ Γ˚
)
. We note that
the Ricci tensor Rµλ = R
α
µαλ takes the form
Rµλ = R˚µλ
(
Γ˚
)
+ ∇˚αT αµλ − ∇˚µT ααλ + T ααβ T βµλ − T αµβ T βαλ , (15)
where the torsion-free contribution R˚µλ
(
Γ˚
)
is defined as,
R˚µν
(
Γ˚
)
= ∂γ Γ˚
γ
µν − ∂ν Γ˚γµγ + Γ˚γµνΓ˚nγn − Γ˚γµkΓ˚kνγ . (16)
From (11) we can deduce a relation that allows to compute the affine connection in terms of the
spin connection (and tetrad) or vice-versa, namely [22]
Γσ µν = e
aσ
(
∂µeaν − ωb aµebν
)
. (17)
It is interesting to observe that substituting Γ = Γ (ω) from (17) into (13) leads to
Tαβγe
i
αe
β
j e
γ
k = e
β
j e
γ
k
(
Dβe
i
γ −Dγeiβ
) ≡ Cijk, (18)
which establishes a means to transform between the holonomic torsion tensor Tαβγ in (13) and the
non-holonomic structure functions Cijk in (9) (and vice-versa) in terms of appropriate tetrad index
saturation. This situation is entirely analogous to the transformation from Ri jkl (ω) to R
α
γρλ (Γ)
(and vice-versa) via tetrad index saturation. From (18) or (9), the torsion tensor can be viewed as
a sort of field strength associated with the tetrad coefficients that describes a twist of the tetrad
under parallel transport (relative to a given basis) that is independent of the effect of curvature
(i.e., a twist in a plane perpendicular to the plane of parallel transport). This is to be compared
with the interpretation of torsion as the asymmetric part of the affine connection according to (13).
Equation (18) can be solved for the spin connection, yielding [12]
ωabµ :=
1
2
(Ωcab +Ωbca − Ωabc) ec µ (x) + Tabµ. (19)
The quantities Tabµ are related to the spacetime torsion tensor Tαβµ according to Tabµ := e
α
j (x) e
β
k (x)Tαβµ.
We assume in this work that the torsion is totally antisymmetric and of potential type, that is, we
employ the ansatz that T λνµ is derived from a second-rank, tensor potential Hµν = −Hνµ according
to [14]
Tρβγ
def
= ∂[ρHβγ]. (20)
The Lagrangian density for a fermion field ψ (x) in curved spacetime [18, 19] with torsion is given
by
Lmatter = i
2
[(
Dµψ¯
)
γµψ − ψ¯γµDµψ
]−mψ¯ψ − eAµjµ(e), jµ(e) := iψ¯γµψ, (21)
where ψ¯ is the Pauli conjugate of the Dirac field ψ defined by ψ¯(x) = iψ†(x) γ0, (†) is the Her-
mitian conjugate and γ represents the appropriate Dirac γ-matrix with γµ := eµi (x)γ
i, Aµ is the
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electromagnetic 4-vector potential, e is the electric charge of the fermion and jµ(e) is the fermion
current. The Lagrangian density (21) can be re-written as
Lmatter = L˚matter − 1
8
Tµαβψ¯
{
γµ, γαβ
}
ψ − eAµjµ(e), j
µ
(e) := iψ¯γ
µψ, (22)
where
L˚matter = i
2
[(
D˚αψ¯
)
γαψ − ψ¯γαD˚αψ
]
−mψ¯ψ, (23)
with D˚αψ := ∂αψ − 14 ω˚αijγijψ and D˚αψ¯ := ∂αψ¯ + 14 ω˚αijψ¯γij , ω˚αij = 12ec α (x) (Ωcij +Ωjci − Ωijc)
being the torsion-free spin connection. Using the following relations
−14Tµαβψ¯
{
γµ, γαβ
}
ψ = 14Tµαβψ¯
(
γβαγµ − γµγαβ)ψ,
γµγνγλεµνλσ =
{
γµ, γνλ
}
εµνλσ = 3!γσγ5,
{
γµ, γνλ
}
= γ[µγνγλ],
(24)
we obtain
Tµαβψ¯
{
γµ, γαβ
}
ψ =
1
2i
Tµαβε
αβµνj5ν , j5ν := ψ¯γ5γνψ, (25)
where j5ν is the fermion pseudo-current. Defining the torsion axial-vector (also referred to as the
torsion dual in what follows)
T ν :=
1
3!
εαβµνTαβµ. (26)
the first equation in (25) becomes,(
ψ¯γ5γνψ
)
εαβµνTµαβ = −6ij5νT ν . (27)
The interaction between the Dirac field and torsion has been reduced to a coupling of the fermion
axial current to a torsion axial-vector Tµ. Thus, the matter Lagrangian density in curved space
with torsion [20] and electromagnetic fields reads
Lmatter = L˚matter + 3i
8
Tµj
µ
5 − eAµjµ(e). (28)
3 The Total System Lagrangian Density
We now consider the geometrical setting in which the matter content - represented by Lagrangian
density (28) - is immersed. The Einstein-Hilbert Lagrangian density is given by
Lgeom =
√−g R
k0
, (29)
where k0 =
16πG
c4
and R = gijRij is the scalar curvature. Note that lp = (G)
1/2 is the Planck
constant (in geometrized units). In the Brans-Dicke generalization of gravity, one introduces a
scalar field Φ via the replacement G → e2ΦG (i.e. k0 → e2Φk0). For simplicity, let α = e−2Φk0 .
With this generalization and the transformation k0 → e2Φk0, the geometrical Lagrangian density
becomes
Lgeom =
√−gαR = √−g e
−2Φ
k0
(
R˚+ ∂γT
γα
α + T
βλ
α T
α
λβ
)
. (30)
Observe that the quantity ∂γT
γα
α in (30) is vanishing since T
γα
α = 0 (due to the total antisymmetry
of the torsion tensor, see (20)). For this reason, we may choose to rewrite e−2Φ∂γT
γα
α as a total
divergence ∂γ
(
e−2ΦT γαα
)
which does not contribute to the equations of motion. We work in the
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so-called Einstein frame [24, 23]. For this reason we perform a conformal transformation on the
metric tensor
gµν → g′µν = e2Φgµν , gµν → g′µν = e−2Φgµν , (31)
which leads to √
−g′ = e4Φ√−g, (32)
where g = det gµν and g
′ = e8Φg. Under the conformal transformation (31) the Christoffel symbols
transform according to,
Γ˚αµν → Γ˚′αµν = Γ˚αµν + gαβ [(∂µΦ) gνβ + (∂νΦ) gβµ − (∂βΦ) gµν ] . (33)
With the conformally transformed Christoffel symbols (33), the correspondingly transformed scalar
curvature is given by
R˚→ R˚′ = g′µν
(
∂νΓ˚
′ β
βµ − ∂βΓ˚′βνµ + Γ˚′βνλΓ˚′λβµ − Γ˚′ββλΓ˚′λνµ
)
. (34)
By direct calculation, we obtain
R˚′ = e2ΦR˚+ 6e2Φgµν
[
(∂µΦ) (∂νΦ) +
1
2
∂µ∂νΦ
]
. (35)
Letting φ = 2Φ, the geometrical Lagrangian density becomes
L′geom =
1
k0
[
R˚− e−2φTµνσT µνσ + 3
2
(∂µφ) (∂µφ) +
3
2
φ
]
, (36)
where  := gµν∂µ∂ν . It is worth observing that the dilaton kinetic term in is generated by the
conformal transformation (31) acting on the curvature scalar taking R˚ to R˚′. Moreover, we note that
the Lagrangian density (36) is true up to a total divergence that is proportional to ∂γ
(
e−2ΦT γαα
)
.
As a working hypothesis we assume the dilaton φ possess an isotropic field configuration (i.e.
φ (~r) = φ (|~r|)).
It is straightforward to verify that under conformal transformation (31) Lmatter is invariant.
Using the conformal transformation on spinor fields [25]
ψ → ψ′ = e− 32φ(|~r|)ψ, ψ¯ → ψ¯′ = e 32φ(|~r|)ψ¯, (37)
we determine
L˚matter → L˚′matter = L˚matter + 3∂µ
(
φj
µ
(e)
)
− 3φ∂µjµ(e). (38)
If the fermion current is conserved, then we expect ∂µj
µ
(e) = 0. Since ∂µ
(
φj
µ
(e)
)
is a total divergence
it does not contribute to the equations of motion so it may be ignored. The interaction term
3
4Tµνσψ¯γ
[µγνγσ]ψ is invariant under the conformal transformations (31) since Tµνσ is postulated
to be so, and the spin energy potential τµνσ := ψ¯γ[µγνγσ]ψ is trivially invariant under scale
transformations. It is obvious that the mass term is invariant under scale transformations.
Having introduced the geometrical setting and matter content (electrically charged, nonrela-
tivistic spin-12 particles) of the model, we now consider electromagnetic interaction between such
prototype matter and abelian magnetic monopoles, where the photons mediating this interaction
are topologically coupled to the anti-symmetric torsion potential. We are concerned with investi-
gating whether the incompatibility of massive photons and magnetic monopoles within a classical
theory is a consequence of the a priori inclusion of photon mass or is related to the specific mecha-
nism for gauge boson mass generation. We include the monopole in a non-dynamical manner. The
Lagrangian density describing the gauge sector of this scenario is given by
Lgauge = −1
4
FµνFµν + µ0εαβρσAα∂βHρσ, Fµν := Fµν + ∗Gµν , (39)
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where the Hodge dual (∗) of Gµν is defined by ∗Gµν := 12!ǫµνρσGρσ. The electromagnetic field
strength has the usual form Fνσ := ∂νAσ − ∂σAν while the monopole contribution is given by
Gρσ (~r) := 4πe(m)
∫
dxρ ∧ dxσδ(4) (~r − ~rmonopole) , (40)
where e(m) is the magnetic charge. Observe that (40) is antisymmetric and is responsible for break-
ing the Bianchi identity (56) in the Aµ sector. The total Lagrangian density Ltotal
(
φ, Hµν , Aµ, e
i
µ, ψ
)
=
Lgeom
(
φ, eiµ
)
+ Lgauge (Hµν , Aµ) + Lmatter
(
ψ, ψ¯
)
is given by,
Ltotal = 1
k0
(
R˚− e−2φ(|~r|)TµνσT µνσ + 3
2
(∂µφ) (∂µφ) +
3
2
φ
)
− 1
4
FµνFµν + µ0εαβρσAα∂βHρσ +
+
i
2
[(
D˚µψ¯
)
γµψ − ψ¯γµD˚µψ
]
+
3i
8
Tµj
µ
5 − eAµjµ(e) −mψ¯ψ. (41)
We remark that the coupling term proportional to µ0 describes a topological interaction between
gauge fields Aα and Hρσ. This may be understood from the lack of µ0-dependent terms in the
canonical energy-momentum tensor Σµν appearing in (55). This fact reflects the lack of energy
associated with the interaction. Such interaction has no local propagating degrees of freedom,
hence being topological in nature [26].
4 Field Equations
By variation of the action I =
∫ √−gd4xLtotal (φ, Hµν , Aµ, eiµ, ψ) with respect to φ, Hµν , Aµ and
ψ¯, and requiring the coefficients of each variation independently vanish, we obtain the equations of
motion 
∂L
∂φ − ∂µ
(
∂L
∂(∂µφ)
)
= 0, ∂L
∂ψ¯
− ∂µ
(
∂L
∂(∂µψ¯)
)
= 0,
∂L
∂Hµν
− ∂σ
(
∂L
∂(∂σHµν)
)
= 0, ∂L∂Aµ − ∂σ
(
∂L
∂(∂σAµ)
)
= 0.
(42)
To obtain the explicit form of the dynamical equations for the fermions we recall that the Dirac
γ-matrices are covariantly constant,
∇κγι = ∂κγι − Γµικγµ +
[
γι, Γˆκ
]
= 0 with Γˆκ =
1
8
[
(∂κγι) γ
ι − Γµικγµγι
]
(43)
The 4 × 4 matrices Γˆκ are real matrices used to induce similarity transformations on quanti-
ties with spinor transformation properties [27], that is γi → γ′i = Γˆ−1γiΓˆ. Varying Γˆκ leads to
δΓˆκ =
1
8
[
(∂κδγι) γ
ι − (δΓµικ) γµγι
]
. Since we require the anticommutator condition on the gamma
matrices γµγν + γνγµ = gµν1 (Dirac algebra) to hold, the variation of the metric gives
2δgµν = {δγµ, γν}+ {γµ, δγν}. (44)
One solution to this equation is δγν = 12γσδγ
σν . With the aid of this result, we can write
(∂κδγι) γ
ι = 12∂κ (γ
νδgνι) γ
ι. Finally, exploiting the anti-symmetry in γµν we obtain
δΓˆκ =
1
8
(
gνσδΓ
σ
µκ − gµσδΓ σνκ
)
γµν . (45)
With the above variational relations, it is straightforward to show that the dynamical equation for
the fermions is a nonlinear Dirac equation [28] of Heisenberg-Pauli type,[
γµ
(
D˚µ − ieAµ
)
+
3
8
Tµνσγ
[µγνγσ] −m
]
ψ = 0. (46)
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For the scalar field φ we obtain the Klein-Gordon equation
φ (|~r|)− 4
3
e−2φ(|~r|)TµνσT µνσ = 0. (47)
To obtain the analogue of the Einstein equations the following calculations involving the metric
tensor gµν and its determinant g = det (gµν) are useful. Recall gg
µν = ∂g∂gµν and ggµν = −
∂g
∂gµν .
Now since δ
√−g = ∂
√−g
∂g δg = − δg2√−g where δgδgµν = ggµν , we can write δg = ggµνδgµν . Thus, we
obtain δ
√−g = − ggµνδgµν
2
√−g . However, since gg
µνδgµν = ggµνδg
µν =
√−g√−ggµνδgµν , we conclude
ggµνδgµν√−g =
√−ggµνδgµν . Hence,
δ
√−g = −1
2
√−ggµνδgµν . (48)
Writing the metric in terms of the tetrads gµν = eµie
νi, we observe δ
√−g = −12
√−g (δeµie iµ + eνiδeνi).
By using δeνi = δ
(
ηijeνj
)
= ηijδeνj, we are able to deduce
δ
√−g = −√−ge iµδe µi . (49)
To compute the variation of the scalar curvature R we must consider the variation of the ordinary
Ricci tensor R˚iν = e
µ
i R˚µν which is given by δR˚iν = δe
µ
i R˚µν + e
µ
i δR˚µν . In an inertial frame the
Ricci tensor reduces to R˚µν = ∂ν Γ˚
β
βµ−∂βΓ˚βνµ so that δR˚iν = δe µi R˚µν+e µi
(
∂νδΓ˚
β
βµ − ∂βδΓ˚βνµ
)
. The
second term can be converted into a surface term and does not contribute to the field equations,
so it may be ignored leading to conclude
δR˚iν = δe
µ
i R˚µν . (50)
With the aid of δR˚iν we may write the variation δR as
δR = R˚µνδgµν + g
µν
(
∇λδΓ˚λ µν −∇νδΓ˚ λµλ
)
− T βγα δT αβγ . (51)
With the above variational calculations involving the metric and Ricci tensor it is not difficult to
deduce the Einstein-like equations
Gµν +Θ
µ
ν = k0Σ
µ
ν , (52)
with
Θµν = −
(
2TνρσT
µρσ + ∇˚σT µσν +
3
8
Pµν + e
−φ(|~r|)Qµν +
(
1− e−2φ(|~r|)
)
Sµν
)
, (53)
where 
P
µ
ν = δ
µ
ν (∂
σφ) (∂σφ)− (∂µφ) (∂νφ) + (δµνφ− ∂µ∂νφ) ,
S
µ
ν = δ
µ
νTλασT
λασ − 3TνασT µασ, Qµν = δµνFλαF λα − FµαFαν .
(54)
The Einstein tensor Gµν is given by the standard form G
µ
ν = R
µ
ν− 12Rδµν , while the energy momentum
tensor Σµν reads
Σµν = ψ¯γ(µD˚ν)ψ − D˚(µψ¯γν)ψ +A(µj(e)ν) −Aγj
γ
(e)gµν + T(µj5ν) − Tαjα5 gµν . (55)
The Bianchi identities for the Aµ and Hµν-sectors read
∂µ
∗Fµν = −∂µGµν = −jν(m) and ∇˚σ
(
e−2φ(|~r|)T σ
)
= 0, (56)
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where jν(m) ≡
(
ρ(m), ~j(m)
)
, ρ(m) = e(m)δ
(3) (~r − ~rmonopole) and ~j(m) = 0 since we work in the
monopole rest frame. For the gauge fields Aβ and Hρσ we obtain the equations of motion
∂µF
µν + 2µ0T
ν = ejν(e), (57)
1
k0
∇˚σ
(
e−2φ(|~r|)T µνσ
)
− µ0 ∗Fµν = ǫµνσρ∇˚σj5ρ . (58)
By integrating (58) we find the solution
T µνσ = e2φ(|~r|)
[
k0ǫ
µνσρ
(
j5ρ + µ0Aρ
)
+ Λµνσ
]
, (59)
where Λµνσ arises from the process of integration and must satisfy ∇˚σΛµνσ = 0 and Λ(µνσ) = 0.
The general form of Λµνσ that fulfills both conditions is Λµνσ = εµνσγ∂γf , where f is a scalar
function. From the solutions (59) it is clear that the sources of torsion are spinors, dilatons and
the electromagnetic gauge fields. Furthermore, equations (57), (58) and (59) describe a system of
interacting charged fermions and abelian magnetic monopoles where the interaction is mediated by
topologically massive vector boson with mass m2E = 2µ0.
5 Generalized Maxwell’s Equations, Classical Hamiltonian For-
mulation and Magnetic Field Symmetry
It is known that the classical non-relativistic theory describing the massless electromagnetic scatter-
ing of an electric charge from a fixed magnetic monopole has a well defined Hamiltonian formulation
[29]. Alternatively however, it is equally well known that one cannot construct a self-consistent
quantum field theory describing the nonrelativistic electromagnetic interaction mediated by mas-
sive photons between a point-like electric charge and a magnetic monopole [16]. In one of our
previous work [17], we showed that this inconsistency arises in the classical theory itself.
In this Section of the paper, we explore the possibility of constructing a self-consistent nonrela-
tivistic classical theory where magnetic monopoles and topologically massive vector bosons coexist
in the framework of scalar-tensor gravity with torsion potential.
5.1 Generalized Maxwell’s Equations
In this subsection, we begin by decomposing, for convenience, the electromagnetic field strength
and torsion tensors into their boost and spatial components according to
Fµν =
{
F0i ≡ ( ~E)i,
Fij ≡ −ǫijk( ~B)k,
, Tµνρ =
{
T0ij ≡ −ǫijk(~E)k,
Tijk ≡ ǫijkB, and T
µ =
(
B, ~E
)
(60)
and using the Bianchi identities (56) and the field equations (57) and (58) we obtain the Maxwell-
torsion equations in standard vector notation
~∂ · ~E (~r) = ρ(e) − 2µ0B (~r) , ∇˚ ·
[
e−2φ(|~r|)~E (~r)
]
= 0, ~∂ · ~B (~r) = ρ(m), (61)
~∂ × ~E (~r) = −∂t ~B (~r) , ∇˚ ×
[
e−2φ(|~r|)~E (~r)
]
= k0µ0 ~B (~r) + k0∇˚ ×~j5, (62)
~∂ × ~B (~r) = ~j(e) + ∂t ~E (~r)− 2µ0~E (~r) , ∇˚
[
e−2φ(|~r|)B (~r)
]
= k0∇˚ρ5 − k0µ0 ~E (~r) . (63)
where ~∂ represents the ordinary nabla differential operator of flat space, jµν = ∇˚στµνσ = ǫµναβ∇˚αj5β
and jβ5 =
(
ρ5, ~j5
)
. The pseudo-current jβ5 arising from the spin energy potential contributes to
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the diffusive magnetic potential. Observe that the magnetic current ~jm is absent from the first
equation in (62) since we are working in the rest frame of the monopole. In absence of electric
fields, charges and currents, as well as the absence of magnetic current and the zeroth component
B of the torsion dual T µ, the maxwell-torsion equations become:
~∂ · ~E (~r) = 0, ∇˚ ·
[
e−2φ(|~r|)~E (~r)
]
= 0, ~∂ · ~B (~r) = ρ(m), (64)
~∂ × ~E (~r) = 0, ∇˚ ×
[
e−2φ(|~r|)~E (~r)
]
= k0µ0 ~B (~r) + k0∇˚ ×~j5, (65)
~∂ × ~B (~r) = −2µ0~E (~r) . (66)
The total static magnetic field of the system is comprised of the point-like magnetic charge, string,
diffuse magnetic field (arising from the spatial components ~E of the torsion dual T µ) and spin-
magnetic (arising from ~j5) contributions
~B (~r) = ~Bmonopole (~r) + ~B
′ (~r) =
[
~∂ × ~Amonopole + e(m)~h (~r)
]
+ ~∂ ×
[
e−2φ(|~r|)~E (~r) + k0~j5
]
= ~∂ × ~A+ e(m)~h (~r) , (67)
where ~A = ~Amonopole+ ~A
′ with ~A′ = e−2φ(|~r|) ~E+ k0~j5 and the vector ~Amonopole is a singular vector
potential representing the field of the fixed monopole
~Amonopole(~r) =
e(m)
r2
sin(θ)
1 + cos(θ)
(nˆ× ~r), θ 6= π, (68)
with semi-infinite singularity line oriented along the negative z-axis. The quantity ~h (~r) is the
magnetic string function∣∣∣~h (~r)∣∣∣ = 4π
r2
δ (θ) δ (ϕ)
sin θ
Θ(− cos θ) , Θ is the Heaviside step function (69)
encountered in monopole theory. The magnetic field ~Bmonopole in (67) generated by the point-like
magnetic charge is given by
~Bmonopole (~r) =
e(m)~r
r3
, (70)
whereas ~B′ (~r) in (67) has the form [16, 17]
~B′ (~r) = b(1)(r, nˆ · ~r)~r + b(2)(r, nˆ · ~r)nˆ, (71)
with b(1) and b(2) being general scalar field functions and n̂ denoting a unitary vector along the
monopole string. Combining equations (70) and (71), equation (67) becomes
~B (~r) =
e(m)~r
r3
+ b(1)(r, nˆ · ~r)~r + b(2)(r, nˆ · ~r)nˆ. (72)
It is clear from equation (72) that no spherically magnetic solutions are allowed within Maxwell’s
generalized equations. Moreover, the magnetic fields ~Bmonopole (~r) and ~B
′(~r) satisfy
~∂ · ~Bmonopole (~r) = e(m)δ(3)(~r), ~∂ × ~Bmonopole (~r) = 0 (73)
and
~∂ · ~B′ (~r) = 0, ~∂ × ~B′ (~r) = −m2E( ~Amonopole + e−2φ(|~r|)~E), m2E = 2µ0 (74)
respectively. Notice that because of the second equation in (74) is consistent with the non spherical
symmetry of the total magnetic field in equation (72).
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5.2 Classical Hamiltonian Formulation and Magnetic Field Symmetry
In this subsection, given the magnetic field solutions obtained in the previous subsection, we con-
sider the possibility of constructing a classical non-relativistic Hamiltonian formulation of a theory
describing a point-like electric particle with charge e and mass m moving in the field of a fixed
monopole of charge e(m) . We require that the constructed Poisson algebra of such Hamiltonian
formulation be consistent with the symmetry of the total magnetic vector field obtained in the
above subsection.
The Hamiltonian that describes to the above system is given by,
Htotal
def
=
(∇˚ − e ~A)2
2m
+Hstring, Hstring = −ee(m)
∫ (
d~r
dt
× ~h (~r)
)
· d~r. (75)
The classical equation of motion arising from (75), becomes
m
∇˚
∇˚t~v − e
d~r
dt
×
(
~∂ × ~A
)
− ee(m)
d~r
dt
× ~h (~r) = 0, ~v = d~r
dt
, ~A = ~Amonopole + e
−2φ(|~r|)~E (76)
where in component form ∇˚v
k
∇˚t
def
= dv
k
dt + Γ˚
k
ijv
ivj with vk = dr
k
dt , k = 1, 2, 3. For simplicity it is
assumed that
∣∣∣~j5∣∣∣ ≪ ∣∣∣ 1k0 e−2φ(|~r|)~E (~r)∣∣∣ so we may neglect ~∂ × ~j5 in the following analysis. Under
this hypothesis, the total magnetic field ~B (~r) reduces to
~B (~r) =
[
~∂ × ~Amonopole + e(m)~h (~r)
]
+ ~∂ ×
[
e−2φ(|~r|)~E (~r)
]
= ~∂ × ~A+ e(m)~h (~r) . (77)
Since we require that ~B (~r) be a vector field, we must verify that the quantity e−2φ(|~r|)~E transforms
appropriately under spatial rotations. Given that we are in a curved space, we must define the
spatial rotation generator associated to the Hamiltonian (75) such that it satisfies a proper Poisson
algebra. We define the generator of spatial rotations as ~J
def
= ~L+~s such that ~J ·~s = 0 where ~L def= ~r× ~P
is the orbital angular momentum operator in curved space, ~P
def
= ~p− e ~A is the curved space kinetic
momentum vector, ~p
def
= ~pflat − Γ˚ is the curved space canonical momentum with ~pflat def= md~rdt + e ~A
being the ordinary canonical momentum vector of flat space. Finally ~s is defined as [17],
~s
def
=
∫ [
~r ×
(
~E × ~B
)]
d3~r = ~smassless + e
∫
d~r~r ×
[
~r
r3
× ~B′
(
~r − ~R
)]
(78)
with ~smassless = ee(m)Rˆ [29, 30] and ~R is the relative vector position between the monopole and
the electric charge. The vector ~s is taken as an angular momentum with independent degrees of
freedom and must obey the following classical Poisson bracket relation
{si, sj} = −εijksk. (79)
We make use of a result proved in [31], namely that in a curved spacetime the fundamental Poisson
brackets are always conserved. Thus, in the curved spacetime that we consider, the Poisson brackets
between two generic functions u(~p, ~r, t) and g(~p, ~r, t) of the dynamical variables ~p and ~r, are defined
in usual manner as
{u(~p, ~r, t), g(~p, ~r, t)} def=
∑
i
(∂piu∂rig − ∂riu∂pig). (80)
In what follows, we employ the basic canonical Poisson bracket structure for the conjugate variables,
{ri, rj} = 0,
{
ri, p
flat
j
}
= −δij ,
{
pflati , p
flat
j
}
= 0. (81)
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Since we are working within a curved spacetime geometry, it is necessary to verify that the ~J
operators are in fact the generators of rotations. To this end, we consider the Poisson bracket of ~J
operators,
{Ji, Jl} = {εijkrj (pk −Ak) + si, εlmnrm (pn −An) + sl} (82)
= {εijkrjpk − εijkrjAk + si, εlmnrmpn − εlmnrmAn + sl}
= {εijkrjpk, εlmnrmpn} − {εijkrjpk, εlmnrmAn}+
−{εijkrjAk, εlmnrmpn}+ {εijkrjAk, εlmnrmAn}+ {si, sl} .
Note that in the previous Section and for the remainder of this subsection, we set the electric charge
e = 1 for convenience. The first bracket on the right hand side (rhs) of (82) becomes
{εijkrjpk, εlmnrmpn} =
{
εijkrj
(
pflatk − Γ˚k
)
, εlmnrm
(
pflatn − Γ˚n
)}
(83)
=
{
εijkrjp
flat
k , εlmnrmp
flat
n
}
−
{
εijkrjp
flat
k , εlmnrmΓ˚n
}
+
−
{
εijkrjΓ˚k, εlmnrmp
flat
n
}
+
{
εijkrjΓ˚k, εlmnrmΓ˚n
}
,
where {
εijkrjp
flat
k , εlmnrmp
flat
n
}
= rlp
flat
i − ripflatl , (84)
−
{
εijkrjp
flat
k , εlmnrmΓ˚n
}
= δilrnΓ˚n − rlΓ˚i + εijkεlmnrmpflatk
{
Γ˚n, rj
}
, (85)
−
{
εijkrjΓ˚k, εlmnrmp
flat
n
}
= −δilrkΓ˚k + riΓ˚l + εijkεlmnrjpflatn
{
rm, Γ˚k
}
, (86){
εijkrjΓ˚k, εlmnrmΓ˚n
}
= −εijkεlmnrjΓ˚n
{
rm, Γ˚k
}
− εijkεlmnrmΓ˚k
{
Γ˚n, rj
}
. (87)
Similarly, the second bracket on the rhs of (82) reduces to
− {εijkrjpk, εlmnrmAn} = −
{
εijkrj
(
pflatk − Γ˚k
)
, εlmnrmAn
}
(88)
= −
{
εijkrjp
flat
k , εlmnrmAn
}
+
{
εijkrjΓ˚k, εlmnrmAn
}
where
−
{
εijkrjp
flat
k , εlmnrmAn
}
= δilrnAn − rlAi + εijkεlmnrmpflatk {An, rj} , (89)
+
{
εijkrjΓ˚k, εlmnrmAn
}
= −εijkεlmnrjAn
{
rm, Γ˚k
}
− εijkεlmnrmΓ˚k {An, rj} . (90)
The third bracket on the rhs of (82) is similar to the second with ~A and ~p being interchanged such
that,
− {εijkrjAk, εlmnrmpn} = −δilrnAn + riAl − εijkεlmnrjpflatn {rm, Ak}+ (91)
+εijkεlmnrmAk
{
Γ˚j, rn
}
+ εijkεlmnrjΓ˚n {rm, Ak} .
Finally, the fourth bracket on the rhs of (82) is given by
{εijkrjAk, εlmnrmAn} = −εijkεlmnrjAn {rm, Ak} − εijkεlmnrmAk {An, rj} . (92)
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Combining these results, we obtain
{Ji, Jl} = rlpflati − ripflatl + δilrnΓ˚n − δilrkΓ˚k + riΓ˚l − rlΓ˚i +
+δilrnAn − δilrnAn + rlAi − rlAi +
+εijkεlmn
(
rmp
flat
k {An, rj} − rjpflatn {rm, Ak}
)
+
+εijkεlmn (rjAn {Ak, rm} − rmAk {An, rj}) +
+εijkεlmn
(
rmp
flat
k
{
Γ˚n, rj
}
− rjpflatn
{
rm, Γ˚k
})
+
+εijkεlmn
(
rjΓ˚n
{
Γ˚k, rm
}
− rmΓ˚k
{
Γ˚n, rj
})
+
+εijkεlmn
(
rjΓ˚n {Ak, rm} − rmΓ˚k {An, rj}
)
+
+εijkεlmn
(
rjAn
{
Γ˚k, rm
}
− rmAk
{
Γ˚n, rj
})
− εilksk. (93)
The full antisymmetry of the Levi-Civita tensor leads to
εijkεlmnrmp
flat
k {An, rj} − εijkεlmnrjpflatn {An, rm} = (εijkεlmn − εimnεljk) rmpflatk {An, rj}
= 0 (94)
and
εijkεlmnrmp
flat
k
{
Γ˚n, rj
}
− εijkεlmnrjpflatn
{
Γ˚n, rm
}
= (εijkεlmn − εimnεljk) rmpflatk
{
Γ˚n, rj
}
= 0. (95)
Thus,
{Ji, Jl} = −εijkJk (96)
proving that ~J is the generator of spatial rotations. Using ~J we can now show that e−2φ(|~r|)~E (~r)
transforms as a vector,{
Ji, e
−2φ(|~r|)El
}
=
{
Ji, e
−2φ(|~r|)
}
El + e−2φ(|~r|) {Ji, El} (97)
= εilke
−2φ(|~r|)Ek since
{
Ji, e
−2φ(|~r|)
}
= 0.
The vector e−2φ(|~r|)~E (~r) can be shown [16] to have a general functional form
e−2φ(|~r|)~E (~r) = k0m2Eξ (mEr, mE~r · nˆ) (nˆ× ~r), (98)
where ξ is a generic scalar field function. We emphasize again that form the ~∂ × ~B′ (~r) equation in
(74), it is evident that no spherically symmetric magnetic ~B′ (~r) field solution exists, i.e. ~B′ (~r) 6=
B′ (r) rˆ.
We now study whether the symmetry properties of the magnetic field obtained above is compat-
ible with the Poisson algebra of the system. This is accomplished by determining if the magnetic
field transforms as a vector under spatial rotations by computing the Poisson bracket {Ji, Bj}. It
is convenient to begin this analysis by calculating the curved space canonical momentum ~p and the
curved space kinetic momentum vector ~P Poisson brackets,
{pi, pj} =
{
pflati − Γ˚i, pflatj − Γ˚j
}
=
{
pflati , p
flat
j
}
−
{
pflati , Γ˚j
}
−
{
Γ˚i, p
flat
j
}
+
{
Γ˚i, Γ˚j
}
=
{
Γ˚j, p
flat
i
}
−
{
Γ˚i, p
flat
j
}
= −Rijwhere Rij = ∂iΓ˚j + ∂jΓ˚i (99)
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and
{Pi, Pj} = {pi −Ai, pj −Aj} (100)
= {pi, pj} − {pi, Aj} − {Ai, pj}+ {Ai, Aj}
= {Aj , pi} − {Ai, pj} −Rij
=
{
Aj , p
flat
i − Γ˚i
}
−
{
Ai, p
flat
j − Γ˚j
}
−Rij
=
{
Aj , p
flat
i
}
−
{
Aj, Γ˚i
}
−
{
Ai, p
flat
j
}
+
{
Ai, Γ˚j
}
−Rij
= −∂iAj + ∂jAi −
{
Aj , Γ˚i
}
+
{
Ai, Γ˚j
}
−Rij
= −(∂iAj − ∂jAi)−Rij = −εijkBk −Rij .
Note that we employed the Dirac-veto Bk =
(
εklm∂lAm + e(m)hk
) veto→ εklm∂lAm in obtaining (100),
that is, we impose that the electrically charged particle must never pass through the string [32]
and therefore the electric charge does not ”feel” the magnetic field contribution originating from
the string function ~h (~r). From (100) we conclude
Bk = −1
2
εijk ({Pi, Pj}+Rij) . (101)
We can now calculate the Poisson bracket {Ji, Bj}
{Ji, Bj} = −1
2
εlmj {Ji, Rlm + {Pl, Pm}} (102)
= −1
2
εlmj {Ji, Rlm} − 1
2
εlmj {Ji, {Pl, Pm}}
=
1
2
εlmj {Ji, {pl, pm}} − 1
2
εlmj {Ji, {Pl, Pm}}
by using the Jacobi identities
{Ji, {Pl, Pm}}+ {Pm, {Ji, Pl}}+ {Pl, {Pm, Ji}} = 0, (103)
{Ji, {pl , pm}}+ {pm, {Ji, pl}}+ {pl , {pm, Ji}} = 0, (104)
and
{Pm, {Ji, Pl}} = −εilk {Pm, Pk} = −εilk [−εmknBn −Rmk] , (105)
{Pl, {Pm, Ji}} = −{Pl, {Ji, Pm}} = εimk {Pl, Pk} = εimk [−εlknBn −Rlk] , (106)
{pm, {Ji, pl}} = −εilk {pm, pk} = −εilk (−Rmk) , (107)
{pl, {pm, Ji}} = −{pl, {Ji, pm}} = εimk {pl, pk} = εimk (−Rlk) . (108)
Using (105), (106), (107), (108) together with the Jacobi identities (103) and (104), we obtain
{Ji, {Pl, Pm}} = − (−εilk [−εmknBn −Rmk] + εimk [−εlknBn −Rlk]) (109)
= −εilkεmknBn + εimkεlknBn − εilkRmk + εimkRlk
= −δilBm + δimBl − εilkRmk + εimkRlk
and
{Ji, {pl, pm}} = − [−εilk (−Rmk) + εimk (−Rlk)] (110)
= −εilkRmk + εimkRlk.
15
Substituting (109) and (110) into (102) leads to
{Ji, Bj} = 1
2
εlmj [−εilkRmk + εimkRlk]− 1
2
εlmj [−δilBm + δimBl − εilkRmk + εimkRlk](111)
=
1
2
εlmj (δilBm − δimBl) + 1
2
εlmjεimk (Rlk −Rlk) + 1
2
εlmjεilk (Rmk −Rmk)
= −εmijBm.
It is known from (70) that ~Bmonopole is spherically symmetric and following [17], it can be shown
that the diffuse magnetic field (with vector potential of form (98)) must exhibit spherical symmetry
~B′ (~r) = B′ (r) rˆ. (112)
in order to satisfy (111). Such spherically symmetric solutions however, are incompatible with the
second equation in (74). This result implies it is not possible to formulate a consistent classical
theory describing nonrelativistic point-like charged particles interacting with magnetic monopoles
without a ”visible” string via topologically massive vector bosons in curved spacetime with isotropic
dilation since there is no way to construct a consistent Lie algebra.
6 Conclusion
In this article we considered a Brans-Dicke generalization of gravity with non-vanishing curvature
and torsion of potential type. An action describing electromagnetic interaction between charged,
nonrelativistic fermions with an abelian magnetic monopole, where the interaction is mediated by
topologically massive vector bosons, was proposed. The gauge field mass is a direct consequence
of the (topological) coupling - characterized by µ0 - between the electromagnetic 4-vector and the
second-rank torsion potential. This coupling is said to be topological due to the lack of µ0-dependent
terms in the canonical energy-momentum tensor. The field equations for the theory as well as the
Bianchi identities in the electromagnetic and torsion sectors were obtained. From the solutions
to the torsion field equation (59) we observe that the sources of torsion are spinors, dilatons and
photons. The dilatonic contribution arises from the non-minimal torsion-dilaton coupling while the
electromagnetic contribution is due to the aforementioned topological interaction.
Assuming an isotropic dilaton field configuration, the quantity e−2φ(|~r|)~E plays the role of a
massive photon-like term with mass m2E = 2µ0. This term together with pseudo-current ~j5 arising
from the spin energy potential constitute the total diffusive magnetic potential ~A′. It was demon-
strated that the Poisson bracket {J , B} in curved spacetime is not only well defined but identical
in structure to the flat spacetime dilaton free case. It can be shown following [17] that under the
isotropic dilaton and Dirac veto ansatz, together with the limit
∣∣∣~j5∣∣∣≪ ∣∣∣ 1k0 e−2φ(|~r|)~E (~r)∣∣∣, spherically
symmetric magnetic field solutions are required in order to satisfy the Poisson bracket {J , B}.
Although ~Bmonopole is spherically symmetric, spherical solutions for the diffuse magnetic field ~B
′
are inconsistent with the nonvanishing of ~∂× ~B′ (~r) in (74) despite the topological nature of photon
mass effectively generated by m2Ee
−2φ(|~r|)~E (~r). For this reason we conclude that the incompatibility
between massive photons and magnetic monopoles (without visible string) in the present classical
framework is not a consequence of the specific nature of photon mass generation. What is more,
the incompatibility survives the transition from flat to curved spacetime and persists even in pres-
ence of (isotropic) dilaton fields. With regard to the matter content of the theory, it is interesting
to observe that depending on the sign of the fermion electric charge, the pseudo-current ~j5 could
serve to either enhance or degrade the massive photon-like term. A measurable consequence of this
would be an associated increase or decrease of the diffuse magnetic field intensity arising from the
diffuse vector potential ~A′.
16
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